A molecular characterization of the weighted Herz-type Hardy spaces HK n(1/p−1/q),p q (w, w) and
Introduction
In 1964, Beurling [2] first introduced some fundamental form of Herz spaces to study convolution algebras. Four years later Herz [7] gave versions of the spaces defined below in a slightly different setting. Since then, the theory of Herz spaces has been significantly developed, and these spaces have turned out to be quite useful in analysis. For example, they were used by Baernstein and Sawyer [1] to characterize the multipliers on the standard Hardy spaces, and used by Lu and Yang [17] in the study on partial differential equations.
On the other hand, a theory of Hardy spaces associated with Herz spaces has been developed for more than a decade (see [4, 15] ). These new Hardy spaces can be regarded as the local version at the origin of the classical Hardy spaces H p and are good substitutes for H p when we study the boundedness of non-translation invariant operators (see [16] Yang [13, 14] introduced the following weighted Herz-type Hardy spaces and established their atomic decompositions.
Let Q k = (x 1 , . . . , x n ) ∈ R n : |x i | 2 k , i = 1, . . . , n and C k = Q k \Q k−1 for k ∈ Z, k be the characteristic function of the set C k . For a non-negative weight function w, we set w(E) = In what follows, if w ≡ 1, we will denote L q w (R n ) by L q (R n ).
Definition. Let ∈ R, 0 < p, q < ∞, and w 1 and w 2 be non-negative weight functions. 
Let Gf (x) be the grand maximal function of f (x) defined by
Definition. Let ∈ R, 0 < p < ∞, 1 < q < ∞ and w 1 and w 2 be non-negative weight functions.
(a) The homogeneous weighted Herz- 
Throughout this paper C denotes a constant not necessarily the same at each occurrence, and a subscript is added when we wish to make clear its dependence on the parameter in the subscript. We also use a ≈ b to denote the equivalence of a and b; that is, there exist two positive constants C 1 , C 2 independent of a, b such that C 1 a b C 2 a.
The A 1 weights
The definition of weighted class A p was first used by Muckenhoupt [18] , Coifman-Fefferman [3] , and Hunt-Muckenhoupt-Wheeden [8] in the investigation of weighted L p boundedness of Hardy-Littlewood maximal function and Hilbert transform. In this article a weight means the A 1 weight. More precisely, let w be a nonnegative function defined on R n . We say that w ∈ A 1 if
For any cube I and > 0, we shall denote by I the cube concentric with I which is times as long. It is known that for w ∈ A 1 , w satisfies the doubling condition; that is, there exists an absolute constant C such that w(2I ) Cw(I ). A more specific estimate for w( I ) is given as follows.
Theorem A (Garcia-Cuerva and Rubio de Francia [5] ). Let w ∈ A 1 . Then, for any cube I and > 1,
where C is independent of I and .
If there exist r > 1 and a fixed constant C > 0 such that
we say that w satisfies reverse Hölder condition and write w ∈ RH r . It follows from Hölder's inequality that w ∈ RH r implies w ∈ RH s for s < r. It is known that if w ∈ RH r , r > 1, then w ∈ RH r+ for some > 0. We thus write r w ≡ sup{r > 1 : w ∈ RH r } to denote the critical index of w for the reverse Hölder condition.
The following result provides us with the comparison between the Lebesgue measure of a set E and its weighted measure w(E).
Theorem B (Garcia-Cuerva and Rubio de Francia [5] , Gundy and Wheeden [6] ). Let w ∈ A 1 ∩ RH r , r > 1. Then there exist constants C 1 , C 2 > 0 such that
for any measurable subset E of a cube I .
The atomic decomposition and molecular characterization
Lu and Yang [13, 14] gave the following definition of atoms in the weighted Herz-type Hardy space and its atomic decomposition. 
where the infimum is taken over all the above decompositions of f (the symbol "
S

=" denotes convergence in the sense of tempered distributions).
We recall the w-(p, q, s)-atom in the classical weighted Hardy spaces (cf. [10] ). Let 0 < p 1 < q ∞ and w ∈ A 1 
and is supported in a cube I with center 0, 
C = CN(M).
As to the central molecule of restricted type, the proof is similar and so the details are omitted.
Main result and applications
The Calderón-Zygmund theorem on singular integrals, as presented by Stein [19] 
for whichk is bounded, then the convolution operator f → k * f is bounded on L p , p > 1. We have a similar result as follows.
and, for j ∈ Z,
for some 0 < 1 and absolute constants 
The L q w boundedness of k * f implies
Since w ∈ A 1 , we have w ∈ RH r for some r > 1. Theorem B yields
and we hence obtain
By the assumption and using Minkowski's inequality for integral, we get 
For n/(n + ) < p 1, the last summation
by which the proof is completed. It is known that the Hilbert transform is not a bounded operator onK 1−1/q,1 q (R), 1 < q < ∞ (see [12] 
for some 0 < 1 and absolute constants C 4 , 
Proof. Let n/(n +
To estimate J 2 we write
Since w ∈ A 1 , the Hölder inequality implies 
Cw(I r ) a and
To show the vanishing moment conditions of k * f for central ( , q, s − 1)-atom f with respect to (w, w), we first claim the case w ≡ 1.
Letf be the Fourier transform of f . The moment condition of f givesf (0) = 0 which implies
by which the theorem is proved.
Remark 1.
We note that the condition (2) implies condition (1) provided w ∈ A 1 . To see this, for f ∈ L loc (R n ), let Mf denoted the Hardy-Littlewood maximal function of f defined by
If k satisfies (2) for some 0 < 1 and absolute constants C 5 , C 6 , then we choose C 3 = max {1, C 6 /2}. For 2 j −2 C 3 |y| and |x| > 2 j −1 , we have |x| > 2 j −1 2C 3 |y| = max{2, C 6 }·|y| and
since |x| ≈ |x − y| for |x| > 2|y| and w ∈ A 1 implies Mw(y) Cw(y).
If we use a stronger condition than (2), then the weighted L q -boundedness of the convolution operator k * f can be replaced by the L ∞ -boundedness ofk. 
where C 
Remark 3.
We note that condition (3) implies condition (2) when C 6 > 1. In fact, the mean value theorem implies
For |x| C 6 |y|, we have |x − ty| |x| − |ty| c|x| and hence To estimate I 2 we write
Proof of Theorem 4. Since n/(n + s) < p n/(n
Taylor's theorem and w ∈ A 1 give 
and We hence prove that, for central ( , q, s Thus, the theorem is proved.
If the regularity on the kernel is strengthened, the condition r w > n + s can be drop off and the range of p can be extended to (0, 1].
Corollary 5.
Let w ∈ A 1 and 0 < p 1 < q < ∞. Assume that k ∈ C ∞ (R n \{0}) with |k| C 9 satisfies * *x k(x) C 10 |x| −n−| | for all multi-indices ,
where C It is easy to check that the kernels k and k j satisfy condition (6) and so we have the following theorem. 
